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Abstract—Variational integrators are well-suited for simulation

of mechanical systems because they preserve mechanical quanti-
ties about a system such as momentum, or its change if external
forcing is involved, and holonomic constraints. While they are not
energy-preserving they do exhibit long-time stable energy behav-
ior. However, variational integrators often simulate mechanical
system dynamics by solving an implicit difference equation at
each time step, one that is moreover expressed purely in terms of
configurations at different time steps. This paper formulates the
first- and second-order linearizations of a variational integrator
in a manner that is amenable to control analysis and synthesis,
creating a bridge between existing analysis and optimal control
tools for discrete dynamic systems and variational integrators
for mechanical systems in generalized coordinates with forcing
and holonomic constraints. As an example, the calculations are
worked out in detail for a forced pendulum. A second example
solves the discrete LQR problem to find a locally stabilizing
controller for a 40 DOF system with 6 constraints.
Note to Practitioners—The practical value of this work is the
explicit derivation of recursive formulas for exact expressions
for the first- and second-order linearizations of an arbitrary
constrained mechanical system without requiring symbolic calcu-
lations. This is most applicable to the design of computer-aided
design (CAD) software, where providing linearization informa-
tion and sensitivity analysis facilitates mechanism analysis (e.g.,
controllability, observability) as well as control design (e.g., design
of locally stabilizing feedback laws).

Index Terms—simulation, mechanism analysis, optimal control

I. INTRODUCTION

UMERICAL integration schemes for mechanical sys-

tems typically begin with continuous-time representa-
tions of dynamics (i.e., ordinary differential equations) and
then apply numerical integration to yield a discrete-time
approximation to the continuous-time dynamics. Instead of
computing the Euler-Lagrange equations based on extremizing
the action integral, variational integrators—sometimes referred
to as structured integrators [1]—use a time-discretized form
of the action integral and then the resulting action sum is
extremized. The subsequent integrators have the advantage
of conserving momentum and a symplectic form as well as
bounding energy behavior [2]. Hence, variational integrators
avoid the calculation of any ordinary differential equations
(ODE) and lead to an implicit difference equation that is solved
numerically at each time step to find the next configuration of
a mechanical system. Additionally the numeric properties of
variational integrators typically provide stable energy behavior
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over long time horizons even with large timesteps [3] while
also providing exact holonomic constraint satisfaction [4].

Despite the fact that variational integrators simulate a sys-
tem by numerically solving an implicit non-linear equation at
each time step, the process can be abstractly represented in
state form as an explicit, one-step discrete dynamic system
(i.e., zg+1 = f(xg,ug)) [1]. The contribution of this work is
to calculate the first- and second-order linearizations of this
abstracted form, and it is useful that the linearization may
be calculated without ever calculating the one-step map itself.
This approach makes variational integrators compatible with a
wide range of existing analysis and optimal control tools for
discrete dynamic systems (e.g., LQ regulators [5], predictive
control in assembly [6], deconvolution techniques [7]). The
methods described apply to complex mechanical systems in
generalized coordinates with many degrees of freedom and
holonomic constraints, such as those previously studied in [8].

The importance of linear systems analysis is evident in
nearly all engineering analysis, but computing linearizations
can be analytically challenging (e.g., computing transverse
linearizations for periodic systems [9]) and moreover comput-
ing the discrete time linearization from the continuous one is
susceptible to substantial numerical difficulties [10]. By taking
advantage of discrete-time variational integrators we obtain
exact representations of the discrete-time linearization for
arbitrary mechanical systems subject to holonomic constraints.

Existing literature discusses linearizing variational integra-
tors [11] for the purpose of constructing more accurate inte-
grators. That approach linearizes the discrete Lagrangian itself
before the action principle is applied. The method described
in this paper is specifically for analysis and optimal control
applications that require linearizations of the dynamics, after
the action principle is invoked.

Without the state form representation and linearizations
discussed in this paper, the implicit form of a variational
integrator is incompatible with the majority of existing analysis
and optimal control techniques for discrete systems described
by an explicit first-order state form [5]. Applications that
require more than simulation (e.g, stability analysis, design
of feedback control laws, optimal control) force the designer
to either build an auxiliary model with traditional continuous
dynamics—that are only guaranteed to apply to the discrete-
time model in the limit as dt — 0—or develop new methods
specific to variational integrators.

The Discrete Mechanics Optimal Control (DMOC) frame-
work [12], [13] offers such an approach to optimal con-
trol based on variational integrators. DMOC was devel-
oped to replace infinite dimensional, continuous time op-



timal control problems with an (approximately) equivalent
finite-dimensional, constrained optimal control problem. The
optimal control problem can then be solved using standard
numeric optimization methods without the problems associ-
ated with numeric integration and infinite dimensional vector
spaces. One of the contributions of this paper is that we
supplement DMOC by connecting variational integrators with
existing discrete optimal control methods, providing the ca-
pability to take an optimal trajectory generated by DMOC
and generate a feedback regulator for it. In [14] DMOC is
used to generate a discrete reference trajectory for the swing-
up of a cart-pendulum system. In order to generate stabi-
lizing feedback controllers about this trajectory, the authors
utilize interpolation to provide a continuous representation of
the discrete trajectory and thus allow standard linearizations.
A gain-scheduling technique is then used to piece together
solutions to a set of continuous LQR controllers, which are
then presumably implemented experimentally in discrete time.
The discrete linearizations presented herein allow this entire
process to occur in discrete time. Similarly, the techniques
discussed here could be used to generator feedback laws for
planning algorithms that provide plans in configuration space
[15].

In [12], it is shown that the discrete-time adjoint equation—
the equation that governs optimality of a control signal—for
an explicit/implicit partitioned Runge-Kutta scheme is itself
an explicit/implicit partitioned Runge-Kutta scheme. Given
that result, it is perhaps surprising that the linearization of
the (typically) implicitly defined variational integrator is in
fact an explicit calculation if the “state” of the system is
chosen appropriately. It is by no means obvious that an implicit
equation expressed directly in terms of the configuration even
has a linearization to which classical methods in discrete-time
optimal control can be applied. The key observation is that
because a variational integrator can be rewritten as a one-
step method (due to the existence of a so-called generating
function that generates the method and guarantees its sym-
plecticity), the one-step method provides the appropriate object
to linearize. Moreover, another consequence of the existence
of the generating function is the existence of a modified
Hamiltonian for the system—a system of which the variational
integrator is exactly sampling at time steps dt. This provides
another interpretation of the linearization we calculate here—it
is both the exact discrete-time linearization of the variational
integrator as well as the exact continuous-time state transition
matrix for the modified system evaluated at times that are dt
apart. This correspondence between the discrete-time interpre-
tation and the continuous-time interpretation indicates that the
linearization of the map is structure-preserving as well (e.g.,
the linearization does not artificially introduce non-mechanical
behavior by virtue of sampling the trajectory).

The contribution of this paper is thus two-fold. First, we
show that the linearization of a variational integrator—in this
case that obtained by using the midpoint rule—is explicit
despite the variational integrator being implicitly defined.
Moreover, calculating the linearization is simply a matter of
following a tree structure that describes the mechanical system,
even for constrained systems. We show the second derivative

of a trajectory may be obtained as well. The consequence of
this result is that linearization information may be obtained in
a purley algorithmic foundation, without any symbolic compu-
tation; hence, it is reasonable to expect computer aided design
(CAD) software packages to include linearization capability
for arbitrary topologies for any given numerical method to
facilitate analysis and control design for complex mechanisms,
potentially operating in complex scenarios where managing
sensitivity is crucial (see, for example, the editorial on this
topic [16] where software support of design is cited as a major
need in automation). Secondly, we demonstrate that the control
calculation is well-posed even for high degree-of-freedom
systems, using a stabilization problem for a mechanical model
of a 40 DOF marionette as an example. We additionally briefly
describe the software package, trep, that we have written
that implements these techniques as well as corresponding
techniques for continuous-time dynamics (the continuous-time
dynamics are discussed in [17]).

This paper is organized as follows. Section II describes the
particular variational integrator used through the paper, and
introduces a pendulum example that is used to demonstrate
the methods as they are derived. Section III introduces the ab-
stract representation of a variational integrator as a first-order
discrete dynamic system. After the background in Secs. II and
III, the first- and second-order linearizations are derived in
Sec. IV and V, respectively. The linearizations are extended
to include systems with holonomic constraints in Sec. VI.
Section VII presents several examples illustrating singularities
of the linearizations. An open source software implementation
called trep is introduced in Sec. VIII and used to find a sta-
bilizing feedback controllers first for the simple pendulum in
Sec. VIII-A and then for a humanoid marionette in Sec. VIII-B
(this example serves as our canonical example of a “complex”
underactuated mechanism [18]). Finally, Sec. IX summarizes
the method, discusses the advantages and limitations, and
discusses future work.

II. VARIATIONAL INTEGRATORS

In this section we provide a brief overview of variational
integrators and present the specific variational integrator used
throughout this paper. More detailed introductions and discus-
sions can be found in [4], [19]-[21].

The idea behind variational integrators is to discretize the
action with respect to time before finding the discrete-time
equations of motion. Doing so leads to integration schemes
that avoid problems associated with numerically integrating
a continuous ODE. These problems can occur because the
numerical approximations that are introduced do not respect
fundamental mechanical properties like conservation of mo-
mentum, energy, and a symplectic form, all of which are
relevant to mechanical systems (both forced and unforced).

The continuous-time dynamics of a mechanical system are
described by the Euler-Lagrange equation [22]

doL OL
T T Flg.6
TR (4,4, u)
where ¢ is the system’s generalized coordinates, u represents
the external inputs (e.g, motor torque), L is the Lagrangian



(typically kinetic energy minus potential energy for finite-
dimensional mechanical systems), and F' is the forcing func-
tion that expresses external forces in the generalized coordi-
nates.

L(q.4)

(a) Continuous Action Integral

L(g.q)

(b) Discrete Action Sum

Fig. 1. The continuous Euler-Lagrange equation is derived by minimizing
the action integral (a). The discrete Euler-Lagrange equation is derived by
minimizing the approximating action sum (b).

The Euler-Lagrange equations can be derived from ex-
tremizing the action integral, typically referred to as the
(least) action principle. The action integral—the integral of the
Lagrangian with respect to time along an arbitrary curve in the
tangent bundle—is illustrated as the shaded region in Fig. la.
The action principle stipulates that a mechanical system will
follow the trajectory that extremizes the action with respect to
variations in ¢(t). Applying calculus of variations to the action
integral shows that it is extremized by the Euler-Lagrange
equation.

A variational integrator is derived by choosing a discrete
Lagrangian, L, that approximates the action over a discrete
time step:

tht1
La(qk; qr+1) N/t L(q(s),q(s))ds
k
where gj, is a discrete-time configuration that approximates
the trajectory (i.e, ¢x =~ ¢(tr)). This approximation can be
achieved with any quadrature rule; more accurate approxima-
tions lead to more accurate integrators [21]. A concrete exam-
ple of a discrete Lagrangian approximation is in Sec. II-A.
By summing the discrete Lagrangian over an arbitrary
trajectory, the action integral is approximated by a discrete
action, as shown in Fig. 1. The action principle is then applied
to the action sum to find the discrete trajectory that extremizes
the discrete action. The result of this calculation is the discrete
Euler-Lagrange (DEL) equations:

DyLa(qk—1,qx) + D1La(qr, qe+1) =0

where D,,L, is the slot derivative' of L.

The DEL equation depends on the previous, current, and
future configuration (but it does not depend on the velocity,
making this integrator an appealing representation of dynamics
for embedded systems that measure configurations but not

IThe slot derivative D, L(A1, Aa,...) represents the derivative of the
function L with respect to the m-th argument, A,. In many cases, the
arguments to the function L will be dropped for clarity and compactness.
Hence, it is helpful to keep in mind that the slot derivative applies to the
argument order provided in a function’s definition.

velocities). The DEL equation can also be written in an
equivalent position-momentum form that only depends on the
current and future time steps:

Pk + D1La(qk, qk+1) =0
Pr+1 = DaLq(qr, qrt1)

(1a)
(1b)

where py is the discrete momentum of the system at time k.
(By these definitions, it should be clear that — D1 Ly(qx, qx+1)
and Dy L4(qk,qr+1) are both playing the role of a Legendre
transform in discrete time, and are accordingly referred to as
the left and right Legendre transforms.)

Equation (1) imposes a constraint on the current and future
positions and momenta. Given an initial state pg and gg, the
implicit equation (la) is solved numerically to find the next
configuration ¢4+;. In general, (la) is a non-linear equation
that cannot be solved explicitly for g ;. In practice, the equa-
tion is solved using a numeric method such as the Newton-
Raphson algorithm. The next momentum is then calculated
explicitly by (1b). After an update, k is incremented and the
process is repeated to simulate the system for as many time
steps as desired.

Variational integrators can be extended to include non-
conservative forcing (e.g., a motor torque or damping) by using
a discrete form of the Lagrange-d’ Alembert principle [12]. The
continuous force is approximated by a left and right discrete
force, F; and F:
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where uy, is the discretization of the continuous force inputs:
u(ty). As with the discrete Lagrangian, the discrete
forcing can be approximated by any quadrature rule. Certain
quadrature rules may result in FdﬂE also being a function of
Uup+1 €.2. see [12]. As we want to eventually apply classic
control analysis and synthesis techniques, we restrict our
choice of quadrature rules to those where Fj is independent
of ug41, largely to keep the resulting linearization of the
dynamics causal with respect to the input uw. A concrete
example is presented in Sec. II-A.

For clarity, we use the following abbreviations for the
discrete Lagrangian and discrete forces throughout this paper:

Ul ~

Ly = L (k-1 qx)

Fki = Fét (@r—15 Grs uk—1) -
The forced DEL equations are then:
(2a)
(2b)

pe+ DLy +F =0
Pr1 = DaLpy1 + Fif .

Again, (2) provides a way to calculate the configuration and
momentum at the next time step from the current time step.
Given the previous state (px and qx) and the current input (uy),
the next configuration is found by implicitly solving (2a). The
momentum at the next time step is then calculated explicitly
by (2b).

In the following section, we provide an example of a
variational integrator for a simple one dimensional system.



We will use this example to help keep the calculations as
concrete as possible during the development of the structured
linearization results.

A. Example: Pendulum

elg
m

Fig. 2. The pendulum is controlled by a torque at the pivot and subjected
to the force of gravity g.

Consider the pendulum shown in Fig. 2 withm = ¢ = 1 and
a gravitational force g = 9.8. All units are assumed to be base
units in SI. The pendulum has a single degree of freedom 6, is
controlled by a torque u applied at the base, and is subjected
to the acceleration due to gravity g. The Lagrangian for the
pendulum is

L(6,6) = %m€29.2 + mglcost = %02 + gcosb.
The generalized force due to the torque input is:
F(6,0,u) =

The discrete Lagrangian is found by approximating the
integral of the continuous-time Lagrangian over a short time
interval At using the midpoint rule § = M and 0 =

Okt1— Gk
At
La(Ok, 0k 41) = L (LM’““ 70’”&_9’“) At (3a)
— Gt =0 | gt cos Bt (3p)

The forcing is approximated with a combination of a midpoint
and forward rectangle rule (though other choices of quadrature
would be fine as well):

Fd’(é’k,ﬁkﬂ,uk) = F(Lgkﬂ, %mk)At = ukAt

Fd+(9k7 0k+1» uk) = 0.

The first derivatives of L, are needed to implement the
variational integrator in (2):

DlLk-i—l _ 79k+&t—9k o gAt sin 9k+12+9k 4)
01 —0k 0 0
DyLjpyr = %_%Atsm%ﬂ. 5)

The variational integrator update equations are found by
substituting (4) into (2a) and (5) into (2b):

Ok+1—0r

pr — Beeizf 9l gy Gt L A =0 (6a)
Opp1—0 A Ot 140

Phil = A — th sin 20k (6b)

Choose initial conditions pr, = 0.5, g0 = 0 =

0.2, a time step of At = 0.1ls, and an applied torque
ur = 0.8. These values are substituted in (6a), and a
numeric root-finding algorithm finds the unknown 6. In

this case, the Newton-Raphson method was used to find
Or+1 = 0.2471. Finally, the updated discrete momentum
is calculated using (6b): pr11 = 0.3627. Computation of
this example utilizing trep may be found at https:
//trep.googlecode.com/git/examples/papers/
tase2012/pend-single-step.py. Note that it is al-
ready evident in this example that implicitly defined updates
are to be expected. However, as we will see, these implicit
updates have explicit linearizations that can be computed as
functions of the configuration. Next we discuss the choice of
state space for such a linearization.

III. STATE SPACE FORM

In continuous time, the configuration and velocity of an
Euler-Lagrange system are often concatenated into a single
state * = [¢ ¢]T to create a first-order representation of the
system. This choice cannot be easily used for the variational
integrator because the finite-difference approximation of the
velocity involves configurations at different time steps. Instead,
the one-step representation of the integrator [1] in Eq. (2)
suggests that for the variational integrator a convenient choice
for the state is:

Tht1 = {qkﬂ] = f(@k, ur), (N
DPr+1

where the function f(xy,uy) is implicitly defined by Eq. (2).

However, the Implicit Function Theorem guarantees that such

a function exists provided that the derivative

Mpyi1 = DaD1 Ly + DoFy ®)

is non-singular at qi, pg, and wug. This justifies abstracting
the discrete dynamics of the variational integrator this way
even though the underlying implementation still calculates
the update gr1 by numerically solving (2a). The purpose
of this abstraction is to define the form for the linearization
of the discrete dynamics. In the next section, we derive
this linearization and find that the derivatives of the abstract
f(zk,uy) representation are calculated explicitly.

IV. FIRST DERIVATIVE

Analysis and optimal control methods often rely on the first-
order linearization of system dynamics about a trajectory [5].
The first-order linearization of the discrete dynamics for the
state form in Eq. (7) in Sec. II is:

0 0
041 = D / ——d0xy + a—fkauk
k11 8qk+1 Oqr i1
5qk+1 _ (’9qk apk 5% auk
[(SkarJ B OPk+1 Opr+1 P + % dug. (9)
dar Opy uy,

Six components are required to calculate this linearization.
These derivatives are found directly from the variational
integrator equations (2), and all of them result in explicit
equations.



Derivatives of g1 are found by implicitly differentiating

(aZa) and solving for the desired derivative. We start by finding
dk+1 .

oqr
0= [Pk + D1Liy1 + Fiyy = 0]
0+ D1 D1 Lig + DDy Ly 2851 + Dy Fy
+ DoFyy, et =0
[D2Di Liyy + DaFyyy] 2285 = — [DyDy Ly + D1 Fy ]
8?‘% = —M Yy [DiD1Lyy1 + DiFy ] (10)

where Mj; is as defined by (8) and is assumed to be non-
singular (otherwise the Implicit Function Theorem would not
apply, making the state representation invalid).

The process is repeated to calculate % and aaq%:

k

Oqx —1

Gt = —M (11)
o] —1 _
EZZI =M, - DsF,,. (12)

Notice that each of these derivatives depends on the new
configuration qx41 (e.g, D1D1Lgi1 = D1D1Lg (qr, Gry1))-
Before evaluating the derivatives, gr4+; must be found by
solving (2a).

Derivatives of piy; are found directly by differentiating
(2b):

0, 0
ol = [DyDyLyy1 + Do Fyf ] et
D1DsLiy1 4+ D Ff (13)
%itr — [DyDyLiss + DoFyl, | 28 (14)
s = [DyDy Ly + Dol ) 285 + DaF, . (15)

These derivatives depend on (10)—(12), so (10)—(12) must be
evaluated first. Once calculated, their values are used in (13)—
(15) along with the known value of g1 to find the derivatives
of prt1. Once all six derivatives are calculated, they are
organized into the two matrices in (9) to get the complete
first-order linearization about the current state. Lastly, note that
the linearization is expressed entirely in terms of the discrete
Lagrangian’s dependence on the configuration and the discrete
forcing function’s dependence on the configuration and the
continuous-time force. This is critical in understanding how
to calculate the linearization without resorting to symbolic
software, as discussed in Section VIII.

A. Example: Pendulum (cont.)

We continue the pendulum example from II-A by calcu-
lating the first linearization (again, at the initial conditions
pr = 0.5, qx = 0, = 0.2, with a timestep of At = 0.1, and
an applied torque of uj = 0.8). The derivatives of the discrete
Lagrangian L4 are:

DiDiLg= A — 94t cos Bt1t% — 97610

DyDi Ly = — 2 — 95 cos 24180 — 10,2389

D1DyLy = — — 98 cos 2410% — 10,2389
DyDoLg= 2 — 95t cos Zt1t% — 97610

The derivatives of the discrete forcing are trivial:
DF; =DyF; =0
DsF; = At.
Using these values with (8), we find M,:_&l = (—10.2389 +

0)~! = —0.0976. These are used with (10)—=(12) to calculate
the derivatives of qp41:

9ar1 — ().0976 - (9.7610 + 0) = 0.9533

Oqk
ks — 0,0976
Opk :
as1 — 0.0976 - 0.01 = 0.00976.

These values are part of the linearization, but are also required
to calculate the derivatives of py4; from (13)—(15).
8%:1 = (9.7610 4 0) - 0.9533 + —10.2389 + 0 = —0.9333

2]
Bl — (9.7610 +0) - 0.0976 = 0.9533

ks — (9.7610 + 0) - 0.00976 + 0 = 0.09533

Ouy
The six values define the entire first-order linearization:

Swe.s — | 09533 00076] o [0.00976] o
FH1 7109333 0.9533] 7% T 10.09533] “ ¢

The first-order linearization frequently appears in analysis
applications. For example, we can examine the controllability
matrix of the pendulum at this configuration to verify that it
is linearly controllable:

c— [B AB] _ {0.00976 0.0186]

0.09533 0.0818
rank (C) = 2.

This linearization is carried out using trep at https:
//trep.googlecode.com/git/examples/papers/
tase2012/pend-linearization.py.

V. SECOND DERIVATIVE

Optimal control applications can make use of the second-
order linearization of the dynamics to improve their con-
vergence rate [23]; this is illustrated in Sec. VIII-A. The
approach used in Sec. IV extends to the second derivative
of the dynamics as well (we will call this the second-order
linearization). The expanded second-order linearization of the
discrete dynamics is

[ 9*f >*f Pf ]
o | 940k OqrOpk  OqOuy
O 1 I B O S B I
Thtl = | OPk 0qr0pr.  OprOpr  OprOuy Pk
(5uk (5uk
82fT anT 82f
aqkﬁuk 6pk8uk 8ukauk

where symmetry is used to reduce the number of unique entries
in the fourth-order tensor to six. From Eq. (7) we have f =
[qk+1 prs1)T, so each derivative of f is calculated as two
third-order tensor components; one for g1 and one for py ;.
Thus 12 unique derivatives are needed for the second-order
linearization.



A. Derivatives of qj41

As with the first derivatives, the second derivatives of gx41
are found by differentiating (2a) twice and solving for the
desired derivative. We will be using the notation M o (X,Y)
to represent a bilinear operator> M operating on X and Y.

We find 2041
0qxOqs

as an example:

82 - _
Dot [Pk + D1Lyy1 + Fiy = 0]
) - 19
T <[D2D1Lk+1 + Do Fy ] ot =

— [D1D1 Ly + DiF, )

so we get that

2
[DaDiLys + Dok ] ot

+ [DaDaDiLic + DaDF] %

+ [D2DaDiLiss + DaDaFiy,y ] o (Pt 2 )

= — [D1D1D1Lk+1 + D1D1F1<;_+1]
— [D2DiDiLiys + DaDiFy ] %t

Solving for the desired derivative and substituting (8) we get

8% 1 _
ang;i = Mk+1( [D1D1D1Lk+1 + DlDle+1] +
[D1Dy D1 Liy1+D1 Do Fyy +

DDy Dy Liy1 + Dy Dy Fy ] 22

+ [DQDQDlLk+1 + DQDQF];_‘_l] o (0:;;:1 ) ag];:l) ) (16)
Previously we saw that the next state 2341 had to be found
in order to calculate the first derivatives. Here we see that
the second derivative requires the first derivative as well. This
establishes the required order for these calculations: The next
state is found by the variational integrator, then that state is
used to calculate the first derivative, and then both results are
used to calculate the second derivative.
The other five second derivatives of gy, are found by
the same procedure. The remaining derivatives with respect
to state variables are:

92 qrin _1 — Oqr41
an’é& = _Mk+1< [D2D1D1Lk+1 + D2D1Fk+1] g‘;:
+ [D2D2D1Lk+1+D2D2Fk_+1] o (332:1’3(%1;:1)) (17)
and
Paeir
Oprdpr
— M, [DaDyD1Lyy1 + Do Doy ] 0 (8?);:1’ ag;:l) :

(18)

2This is equivalent to the matrix representation X7 MY in finite dimen-
sions, but this notation extends to infinite dimensional spaces such as those
encountered in continuous trajectory optimization.

The derivatives with respect to state and input variables are:

g1
gy Ouk

_ — - 0
=-M.} (DngFkH + D3Dy Fy, St

Guk

+ [DQDlDlLk+1 + D2D1Fl;+1} i

+ [DngDlLk+1 + D2D2F1:+1] o (6?)1;:1 , %Lu:l) ) (19)
and

g1
OprOug

_ —  Oq
- *Mk+11 (D3D2Fk+1 g;f
+[D2DaDiiys + DaDaF) o (%, ) ). 0

The second derivative of the next configuration with respect
to the inputs is:

Pqri1 _
Oupdup
- Ml;rll <D3D3Fk+1 + [D3D2Fl;+1 + D2D3Fl;+1] aan:1

+ [D2D2D1 Ly + Do Do Fy ] 0 <8%+1766ng1) ) 21

Guk

These six derivatives make up the entire second linearization
of the first half of the state.

1) Pendulum (cont.): We now return to the pendulum
example, again with the same initial data. We calculate the first
part of the second-order linearization directly from (16)—(21).
The next state and first-order linearization of the pendulum
were already found in Sec. II-A and IV-A, respectively. After
calculating the higher derivatives of Ljy; and F,il, we
find the second derivative of the pendulum’s configuration
dynamics 6%qj 1 =

5qs 1.01 x 1072 5.06 x 10~ 5.06 x 107°7 [dqs
Spr 5.06 x 107% 253 x 107° 2.53 x 1076 | | éps
Sy, 5.06 x 1075 2,53 x 1076 253 x 1077 | | dus

We also need the second derivatives of piy; to complete
the second-order linearization.

B. Derivatives of p+t1

The six derivatives of the momentum component of the
state, py1 are calculated directly from the explicit momentum
equation (2b). The derivatives with respect to state variables
are:

®prt1 _ "
9qrO0qr D1D1D2Lk+1 + DlDle+1

2
+ [D2DoLisr + Do B | nggﬁ

+ [D2D1D2Lk+1 +D1DyDy Ly 1+
DyD\Ff | + DDy Fyf, | 2

Oqk
+ [DaDaDsLi + DaDaFily,] o (%, %) 22)
Opitr — [DyDy DyLyiy + Doy Fyf, ] 20
0qn0pr 271 20 k+41 2111 Topy

2
+ [D2DaLiy1 + Do Fyf | ngfﬁi

+ [DaDaDsLisr + DaDaF, | o (% 2} (23)




g1
OprOpi

+ [DaDaDaLiyy + DaDaFyy ] o (St 2 ) - 24)

%prt1

OpropE [DaDyLyy + D2FI:_+1]

The derivatives with respect to state and input variables are:

52 ) Oqr+1
Pt — DyDVF,, 4 DyDaF, Y + [DaDi DL
2
=+ DQDlF]:__,’_l] agf:: + [D2D2Lk+1 + DQF/:;J ngg:;i
+ [DaDaDaliss + DaDaFy] o (2, ) (25)
2? _ + 9
opedes = DsDo Bl et +
DyDsy L DyFyf ] Lo
[DaDyLyi1 + DaFyf, ] Opr Oy,
+ [D2D2D2Lk+1 + D2D2Flj+1] o (651;:17 agz_:l) . (26)

Finally, the second derivative with respect to the input vari-
ables is:

2
Giviey = DaDsFy + [DsDaFyf, + DaDsF ] e
+ [D2D2DsLit1 + D2DaFfy | o (agiifa B§ZZ1>
2
+ [D2DsyLyy1 + Do Fy | guf’étl- @7

As with the first derivatives, the second derivatives of py 1
depend on those of g;11. We handle this dependency by first
evaluating (16)—(21) to get their numerical values and then
plug those values into (22)—(27).

Note: By evaluating each of the twelve equations above,
we explicitly calculate the complete second-order linearization
for a forced system in generalized coordinates. Section VI
describes how this approach is extended to systems with
holonomic constraints.

1) Pendulum (cont.): We complete the second derivative
by evaluating (22)—(27) with the values found earlier and
the remaining derivatives of Ly4; and Fkﬁl. The result is
8 pry1 =

Sqi 2.02x 1071 1.01 x 1072 1.01 x 1072] [dqx
Spr 1.01 x 1072 5.06 x 107 5.06 x 1075 | | dpg
Sug 1.01 x 1073 5.06 x 1075 5.06 x 1076 |duy
These second-order linearizations 6%qry; and 8%ppyq
carried out using trep can be found at https:

//trep.googlecode.com/git/examples/papers/
tase2012/pend-linearization.py.

VI. CONSTRAINED SYSTEMS

In this section, we discuss how the approach described in
Sec. IV and V to calculate the discrete linearizations extends to
constrained variational integrators. Variational integrators are
particularly well-suited to systems with holonomic constraints
because the update equation for a constrained variational
integrator explicitly incorporates the holonomic constraint.
This is opposed to replacing the holonomic constraint with a
locally equivalent nonholonomic constraint and then projecting
the update onto the feasible set, a common approach in
direct numeric integration of ordinary differential equations.
Variational integrators enforce the holonomic constraint at

every time step while still preserving the symplectic form and
conserving momentum.

Variational integrators for constrained systems [21] are
derived using the same Lagrange-multiplier method used in the
continuous case [22]. Given a continuous-time constraint of
the form h(gq) = 0, the DEL equations for a forced, constrained
variational integrator are:

Pr+ DiLig1 + Fy oy — DR (qe) A = 0 (28a)
hgr+1) =0 (28b)
Pet1 = DoLiy1 + F;;:_l (28¢)

where \j are the Lagrange multipliers that can be interpreted
as discrete-time forces enforcing the constraint. In this case,
given pi and qx, a root-finding algorithm solves (28a) and
(28b) to find gx4+1 and Ag. The updated momentum pyyq is
then explicitly calculated from (28c).

The Lagrange multipliers are completely determined by
qk, Dk, and uy, so the state representation from Section III
is unchanged. Accordingly, the same derivatives dxy41 and
5%z x+1 are needed to find the linearizations. Rather than derive
every equation, we calculate one component of the first and
second derivatives to demonstrate the process.

For the first-order linearization, we find agf]:l. We start by
differentiating (28a):

52— [Pk + D1 Ly + Fyyy — DT (gx) A\ = 0]

Oa —1 T oA
= Tat =M |Gy — Dh (%)Wf:}

(29)
where
qu = DlDlLk+1 + DlFI;-q-l — DQhT(qk))\k.

To evaluate this derivative, we must calculate %. This is
found by differentiating (28b), substituting in (29), and solving

for ‘Z—;\::
% [h(qk+1) = 0]
Dh(grs1) %2 = 0
Dh(gy1) My ! {qu - DhT(%)%] =0
Dh(gr+1)M;; ' Cqy, — Dh(as1) My " DY (q1) g3 =

B 1 _
Got = [Dh(ar+) My ' DR (qi)] Dh(gia) My ' Gy

To calculate quzl, the constrained DEL equation (28) is

solved numerically to find g1 and A\g. These values are used
in (30) to find %. Finally, % is calculated with (29).
The same approach is used to find the remaining compo-
nents of the first derivative, so we do not repeat the derivation
here. Derivations of the remaining components can be found

in [24]. We continue onto the second derivative by calculating
*qe 1
0qr0qr

geo [P+ DiLigy + Fyy — DR ()M = 0]

— 2
=M., (0% - DhT(qk)af”;kg’;k) 31

0% q41
= 9q1,0qy




where

Covqr, =D1D1D1 Ly + D1 D1 Fy
+ {D2D1D1Lk+1 + DyD1Fy

+D1D2DLiy1 + D1 Do F

9qk+1
k+1

Oqk

+ {D2D2D1Lk+1 + DzDszjrl} o (agzzl ) ngzl)

— D*h" (gr) A — 2D%h7 (q1) Gk

Again, we find the corresponding second derivative of A by
differentiating (28b) twice:
2
8q(38qk [h(Qk—H) = O]
D?h(gy41) (% %) 4 Dh(gesr) 281 —

Oqr ’ Oqk 99k Oqk

%N, .

We substitute in (31) and solve for Bardon -

2 —
o5k = [Dh(gr1) My}, Dh™ (g1)]

[Dh(ar )M G — D?h(gin) o (2, 20k

(32)
2
To calculate this ngg;;, we solve for the next state,
.. 02
calculate the first derivatives, evaluate (32) to find %,

and finally evaluate (31) to find the second derivative. This
same procedure is used to calculate the other components of
the constrained second derivative.

Note that the constrained momentum update (28c) is iden-
tical to the unconstrained case (2b), so the first- and second-
order linearizations are identical.

VII. SINGULARITIES OF THE LINEARIZATION

Eq. (8) includes a matrix Mj; that must be inverted in
both the first and second order linearizations presented in Sec.
IV and Sec. V respectively. Additionally Sec. VI shows that
when the system involves constraints, the linearizations addi-
tionally involve the term [Dh(gy41)M, "Dh” (gx)) ~! Fora
general mechanical system, the requirements for invertibility
of these two terms are not known, but certainly the choice of
coordinate chart can cause singularities as can degeneracy of
the Lagrangian system. We illustrate this point by presenting
two simple examples that demonstrate situations where M1
and [Dh(gy11)M, "Dh” (gx)] become singular.

A. Singularities of My, in a Spherical Pendulum

Consider an unforced, spherical pendulum of mass m and
length r under the influence of gravity g in generalized
coordinates ¢ = (6, ¢) where 6 is the polar angle measured
from the zenith direction which is aligned with gravity, and
¢ is the azimuthal angle. For this system, the Lagrangian is
given by

L(g,q) = %mr2 (92 + sin? 9(&2) -+ mgr cos 6.

It is well-known that this choice of generalized coordinates
does not provide a global chart, resulting in singular config-
urations. This can be seen by looking at the mass matrix for
this system which is given by

(q) = O*L  [mr?sin®(f) 0
U= 9¢0q 0 mr? |’
Clearly this matrix is singular if § = nm V n € Z where
Z is the set of all integers. Using the midpoint-rule discrete

Lagrangian of (3a) we can construct the discrete Lagrangian
for this system as

(33)

I _ mr? [ Opp1—0k 2
d(quqk+1) = T3 At +

. 2

2 2 [ Opp1+0k Prr1— Pk o Orr1t+6k
T sin ( 5 )( 5 + mgrcos | =5 ) .

From (8) M+ may be calculated as

9% Lyy1 9Ly
0Pk+10¢k 00k +100k
My =
%Lyt 9 Lyt1
Obr1100k 0011100y

To find singularities of this matrix, set its determinant equal
to zero. The determinant of My is

det(My41) = Tzﬁ sin” (6“1;9’“) {Atzg cos (M)

+ 7“(2 -+ cos (0k+1 + 91@) ) (¢k — ¢k+1)2 + 47“:| . (34

If the term before the brackets is zero then det(My41) =0
and the matrix is singular. This implies M}, is singular if
Okt+1 + 0 = nm V¥V n € Z. Thus if the discrete system is at
the singular configuration of the continuous system for two
consecutive timesteps or if the consecutive configurations are
symmetric about the singular configuration, then M ; is non-
invertible.

Equation (34) is also zero if the term in the brackets is zero,
implying that there exist sets of consecutive configurations that
may cause Mj; to be singular that are not directly related
to the continuous singular configurations. It turns out however
that there always exists some upper bound on the timestep
size At that prevents the bracketed term from ever being zero.
To illustrate this idea, temporarily assume that the spherical
pendulum is in pure pendular motion i.e. ¢x+1 = ¢P. With
this assumption setting the bracketed term to zero yields

At?g cos (M) +4r =0

—4r
_ -1
— 9k+1 + ek; = 2cos (Atzg) .

The inverse cosine is only defined if its argument A_t42:] €
[-1,1]. Noting that g, r, and At are all greater than zero,
we see that the argument is bounded above by zero. Thus the

inverse cosine only has a solution if

—4r
1< =
— At2g

4
= Atz,/—r.
g




Thus if At < +/(4r)/g and ¢11 = ¢y the bracketed term is
always nonzero and the only singularity that exists in My
is the one induced by our choice of generalized coordinates.

If we relax the constraint ¢y11 = ¢ similar reasoning
shows that for a given set of constants g, r, and At then there
exists an upper bound, \*, on the difference in ¢ across a
timestep such that if |¢r — dr+1] < A* then the bracketed
term cannot be zero. Thus for a given spherical pendulum, as
long as the timestep is small enough, the only singularities that
exist in M} are singularities that are caused by the choice
of generalized coordinates.

This example illustrates that singularities caused by a poor
choice of local, generalized coordinates can show up as sin-
gularities in M} ;. Additionally, other singularities in M1
can be related to coarse sampling of the continuous system
and can be prevented by decreasing the mesh size.

B. Singularities of a Constrained Pendulum

Consider again a simple pendulum system as shown in
Fig. 2. Assume that gravity is zero. In this example, we will
represent the system in Cartesian coordinates ¢ = (z,y), and
we will add a constraint of the form

h(q) = 2* +9* — 1> =0.

This system’s midpoint discrete Lagrangian is

1 wr e\ 2 N2
Latawsaen) = g ( (225725) 4 ().

We calculate Mj; as

82Lk+1 82Lk+1

—m 0
OTk410Tr  OYr4+10Th At?
Miy = ) ) =
0" L4 0Ly 0 —-m
0rk4+10Yr  OYk4+10Yk At?

and see that it is always invertible. In order to linearize this
system [Dh(gy+1)M;, ' Dh" (gi)] must be invertible. Using
the given h(q)

_ 4AE?
[Dh(qr1) M, DT (qi)] = —

(Th1Tk + Yk 1Yk)-

This is only non-invertible if Dh(gy) and Dh(qgy41) are
orthogonal in the Euclidean sense. This orthogonality would
require the pendulum to move 7/2 rad in a single timestep.
Regardless of how fast the pendulum is moving, we are guar-
anteed that as At — 0 the change in configuration goes to zero
i.e. ||gr — gr+1]] = 0. Thus there is always a sufficiently small
timestep to ensure [Dh(gx41)M, ' Dh” ()] is non-singular.
From this example, it is clear that for a general mechanical
system, even in cases where M, is non-singular there may be
situations where the term [Dh(qy+1)M; ' Dh¥(g),)] may be
singular.

Generalizing the ways in which a linearization of a vari-
ational integrator can cease to be well-posed is clearly
an important issue to pursue. However, for purposes of
a numerical method, it suffices to check that M, and
[Dh(gk+1)M; ' DA™ (qy)] are invertible at every time step to
be confident that the computed linearization is correct.

VIII. IMPLEMENTATION

Deriving the first- and second-order derivative equations
of Sec. IV and V is relatively procedurally straightforward.
The more complicated issue in implementing this approach is
calculating higher derivatives of the discrete Lagrangian and
discrete forces. Approaches relying on the symbolic equations,
as was done for the pendulum example, do not scale to
complex systems even with the help of symbolic algebra
software.

In [8], the authors describe a method to implement varia-
tional integrators using a hierarchical tree representation [25]-
[27]. That approach calculates exact derivatives of the discrete
Lagrangian numerically and scales to large, complex mechan-
ical systems like a biomechanical model of the human hand
[28]. Moreover, it calculates the derivatives of the discrete
Lagrangian without ever having an explicit representation of
the discrete Lagrangian itself; all the calculations are implicitly
defined in terms of the tree representation that encodes the
mechanical topology.

It should be noted that how one uses the mechanical
topology to compute derivatives is not critical for the present
work. Indeed, one could use any method that allows one to
compute higher-order derivatives of the discrete Lagrangian
(e.g., a spatial-operator approach [29] or a recursive dynamics
[30] approach). So long as the computational method provides
the derivatives from Section IV and V, the only risk is that
one method may provide better or worse scaling properties
than another method, something that is beyond the scope of
the present paper.

The method in [8] naturally extends to calculating higher-
order derivatives [17] of the discrete Lagrangian and dis-
crete forcing that are needed by the first- and second-order
linearizations [31]. Thus it provides a complete framework
for implementing variational integrators and their first- and
second-order linearizations.

These algorithms have been implemented in an open source
software library called trep. The software calculates con-
tinuous and discrete dynamics, along with their first- and
second-order linearizations, for arbitrary mechanical systems
in generalized coordinates, including those with holonomic
constraints. trep is freely available at http://trep.
googlecode.com.

The following examples demonstrate the application of the
first-order linearization as a tool for generating stabilizing
controllers; the first example considers a simple pendulum,
and the second features a more complex mechanical system
highlighting the scalability of the method described in [8].
Additionally, the first example utilizes a second-order opti-
mization technique requiring the second-order linearization
presented in Sec. V. All of the calculations were performed
by trep.

A. Example: Optimal Control of the Pendulum

As a simple example, we once again consider the pendulum
in Fig. 2. Using the choice of state discussed in Sec. III the
state for this system is z(k) = [¢(k) p(k)]T. Here we are
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Fig. 3. Convergence rate of a first-order and a second-order optimization
method for the pendulum example. The second order method converges to
1076 in 14 iterations while the first order method converges to the same
tolerance after 653 iterations. On an Intel i7-3770K CPU at 3.50GHz descent
direction computation requires, on average, 28.5 ms for the first-order method
and 55.8 ms for the second-order method resulting in the second-order
optimization converging in approximately 4% of the time required for the
first-order optimization.

dropping the shortcut of using a subscript k£ to indicate se-
quence index to avoid confusion with other subscripts used for
distinguishing trajectories. We begin by defining a dynamically
infeasible, discrete reference trajectory over the time horizon
tref = {tres(k) = kAt |k =0,...,N} with At =0.1s and
N =100 as

B Jo ifke[0,N/2)
Qref = {QTef(k) = {ﬂ' ke [N/Q’N] } (35&)
Pref = {pref(k) =0 k=0,...,N} (35b)
Upef = {tUref(k) =0 k=0,...,N}. (35¢)

Thus the reference trajectory is a step-function from the
pendulum’s stable equilibrium to its unstable equilibrium. It
is clearly infeasible as the desired momentum term is zero for
all time while the configuration is not, and the desired input
is zero while the system moves away from an equilibrium.

An optimization routine is utilized to generate a dynamically
feasible reference trajectory where the cost function includes
a weighted running cost on state and input error as well
as a weighted error of the final state. This optimization is
performed using a first-order method followed by a second-
order method. The convergence of these two optimizations
can be seen in Fig. 3 which illustrates the vastly increased
convergence rate of the second-order method. Both methods
converge to the same feasible trajectory. It is important to note
that the second-order method requires the second derivatives
presented in Sec. V.

Once the optimization is complete, we have a dynamically
feasible desired trajectory given by z4 = {zq(k)}._, and
ug = {uq(k)}y . We now wish to linearize the system
about the desired trajectory (z4,u4) using the derivatives of
Sec. IV and then solve a Linear Quadratic Regulator (LQR)
problem to find a controller that stabilizes the system about
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Fig. 4. Figure showing the performance of the LQR regulator for the
pendulum example. The Infeasible Reference is the g,y of (35a), the Feasible
Reference is the desired trajectory found by the second-order optimization
routine, the Closed Loop trajectory is produced by simulating the perturbed
initial condition using (37), and the Open Loop trajectory uses the perturbed
initial conditions with no stabilizing feedback.

this desired trajectory [5]. The LQR problem for a discrete
nonlinear system that has been linearized about a desired
trajectory (z(k), u(k)) seeks to find a control input (k) that
minimizes the quadratic cost

ky—1
V(zhos () ko) = Y [2" (R)Q(R)z (k) + " (k) R(k)pa(k)]
k=ko
+ 27 (kp)Q(kg)2(ky)
where
R(ky=R"(k)>0 Vke {ko...(ky — 1)}
Qk)=QT(k)>0 Vke {ky.. . kys}
Zko = 20
z2(k+1) = A(k)z(k) + B(k)u(k)

where z(k) and p(k) are perturbations from the desired
trajectory [5]. The linearizations are A(k) = 9f(a(k),u(k)

ox(k)
and B(k) = %()kl)b(k)) The solution to this discrete LQR

problem is found by solving the discrete Ricatti equation:
P(k) = Q(k) + AT(k)P(k + 1) A(k)— (36a)
B(k)P(k + 1)BT (k) [R(k) + BT (k)P(k + 1)B(k)] "
BT (k)P(k +1)B(k)

Py, = Q- (36b)

The Ricatti equation is solved to find P(k) by recursively
evaluating (36a) backwards in time from the boundary condi-
tion (36b). The solution is used to calculate a feedback law:

K(k) = [R(k) + B" (k) P11 B(k)] " BT (k)P(k + 1)B(k).

Using this feedback law with the original desired trajectory



(z4,uq) yields the closed-loop system
z(0) = xo

w(k+1) = f(z(k),u(k))
u(k) = ua(k) — K(k) (2(k) — za(k)) .

(37

To illustrate the stabilization of the controller obtained by
solving the LQR problem we perturb the initial condition of
the original optimization z4(0) = [0 0]T to give an initial
condition of z(0) = [1 1]7 and then simulate the closed
loop system of (37) with the perturbed initial condition. We
also simulate the perturbed initial condition with no feedback.
The results are shown in Fig. 4, and it can be seen that
the feedback quickly stabilizes the closed-loop system to the
feasible reference.

The  optimization  for  generating a  feasible
trajectory using trep can be found at https:
//trep.googlecode.com/git/examples/papers/
tase2012/pend-optimization.py and the
simulations of the perturbed initial conditions can be found at
https://trep.googlecode.com/git/examples/
papers/tase2012/pend-closed-1o0p.py.

B. Example: Marionette

As more complex example, we again use the Linear
Quadratic Regulator (LQR) method to generate a stabilizing
feedback controller for the mechanical marionette in Fig. 5.
The marionette has 22 dynamic configuration variables, 18
kinematic configuration variables [32], and 6 holonomic con-
straints. The corresponding state-space model has 80 state and
18 input variables.

Fig. 5. The marionette model has 40 configuration variables and 6 holonomic
constraints.

The marionette was simulated and linearized about a 10.0
second trajectory using the midpoint variational integrator in
trep. The reference trajectory was generated by changing the
string lengths of the arms and legs using £0.1 sin(0.67t) input
signals. The linearization was used to create a locally stabi-
lizing controller by solving the discrete LQR problem with
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Fig. 6. The discrete LQR feedback law significantly improves the norm of
the error response of the marionette compared to the open-loop simulation.
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Fig. 7. The discrete LQR feedback law also significantly improves the
individual error response of the marionette compared to the open-loop
simulation. This is the trajectory of the configuration of the vertical orientation
of the torso.

diagonal matrices for each cost matrix with an entry of 100
for the configuration variables and identity everywhere else. A
perturbation of 0.1 rad was then added to the initial condition
of the vertical orientation of the torso and the simulation was
performed with and without the added stabilizing feedback
controller.

The norm of the resulting error between the perturbed and
original trajectories is shown in Fig. 6 and the trajectory of
the vertical orientation of the torso is shown in Fig. 7 as an
example of stabilization of one of the states. As expected,
the closed-loop trajectory quickly converges to the reference
trajectory while the errors in the open-loop trajectory persist
throughout the time horizon. The ability to generate locally
stabilizing feedback laws for complex systems that are simu-
lated with variational integrators is a useful application of the
methods described here. The source code for this example can
be obtained at https://trep.googlecode.com/git/



examples/papers/tase201l2/marionette.py.

The optimization was performed on an Intel i7-2760QM
CPU at 2.40GHz. The simulation takes approximately 2.11
ms per step, the linearization takes approximately 1.12 ms per
step. The second-order linearization takes approximately 22.15
ms per step, though it was not required for this example.

IX. CONCLUSION

Variational integrators are an appealing alternative to nu-
merically integrating continuous equations of motion. By rep-
resenting variational integrators as discrete dynamic systems
and calculating the linearization of the associated one-step
map, their utility is extended to applications requiring anal-
ysis and optimal control. This approach reduces complexity,
potential for error, and extraneous work compared to using a
variational integrator for simulation while doing the analysis
and optimization in the continuous domain with a separate
set of equations. Moreover, it leads to feedback laws that are
expressed purely in terms of configuration variables (instead
of configurations and configuration velocities).

The methods described here can be efficiently implemented
by using a recursive tree representation to calculate the
required derivatives of the discrete Lagrangian and forcing
function. The approach accommodates external forcing and
holonomic constraints as described here, and is compatible
with kinematic configuration variables [24], [32]. Additionally,
this method could be extended to calculate higher derivatives
if needed.

The authors have additionally used this framework to
implement projection operator-based trajectory optimization
[23] using variational integrators as the representation of the
dynamics (these results will be presented in a future article).
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